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We investigate fluctuation effects of a gap parameter in color-superconductors. The 
fluctuation modes in the super phase are described by two scalar fields of diquarks. One of 
them is a Nambu-Goldstone boson and the other is a diquark boson whose mass is about twice 
of the gap energy (an extended quasi-supersymmetry). In the normal phase the fluctuation 
becomes a precursory (soft) mode whose amplitude increases near the critical temperature. 

§1. Introduction 

In many-body systems, spontaneous symmetry breaking^) is a key concept in 
understanding the structure of the vacuum state. For example the gauge invariance 
is broken in the ground state of the superconductors and is restored at higher tem¬ 
perature than the critical point, Tc- The matter is in the Nambu-Goldstone (NG) 
phase at T < Tc and in the Wigner phase at T > Tc- There is an order (gap) pa¬ 
rameter that discriminates between such two phases; its value is positive in the NG 
phase and zero in the Wigner one. Such an order parameter is connected to a mean 
field in the framework of Hartree-Fock (Bogoliubov) approximation. 

Usually the order parameter is fluctuating around the mean field. This fluctu¬ 
ation is also seen in the Wigner phase and increases near the critical temperature. 
The large fluctuation in the Wigner phase is a precursory mode of the spontaneous 
symmetry breaking and is called a soft mode. There are several examples of the soft 
modes, such as the paramagnon in the ferromagnet, the pairing vibration in spherical 
nuclei and the paracurrent in the superconductors. In hadron physics, Hatsuda and 
Kunihiro found similar phenomenon concerning the chiral symmetry. The order 
parameter of this symmetry is {qq) where q means a quark field and its fluctuation 
modes in the NG phase are pions and a mesons. The precursor of this symmetry is 
discussed by them in^). 

Recently another symmetry breaking has been interested in hadron physics; the 
order parameter is {qq) and is called color-superconductivity®^- It is the purpose 
of this paper to discuss the soft modes concerning this order parameter. Particularly 
its precursor will be investigated near the critical temperature. It is also pointed out 
that this soft mode contributes to the cooling of the hot quark matter. 
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§2. Effective action 

We consider the quark matter with three flavors. Its Lagrangian is supposed to 
be given by the following four-Fermi interaction, 

C = (1) 

a 

where g, and A“ denote the coupling constant, chemical potential and flavor SU(3) 
matrix, respectively. By using Fierz transformation on the right-hand side, we have 

C = 4){i'yd + n-f^)'il; + ^g (2) 

^ a,6=2,5,7 

Here we have left only the most attractive terms, which are spin-singlet, color-triplet 
and flavor-triplet pairs. This means that the A^ and Ah are restricted to antisym¬ 
metric SU(3) matrices. 

In order to discuss the system at hnite temperature, let us introduce a partition 
function represented in the functional form, 

Z = y V'lpV'ip exp{—S), (3) 

where S' is a Euclid action defined hy S = f drdrC (r = it). 

Now we introduce a scalar held (pp{x) representing a wave function of a pair of 
quarks. Then the partition function can be rewritten as 

Z = j (4) 

where the corresponding Lagrangian is given by 

C' = ^{iyd + - ‘^g^{i)yhCTPkp^4>p + h.c.) + |0pp. (5) 

p 

The TP denotes Aq and Ah. To calculate this integral, it is convenient to use Fourier 
transformations, 

V’(x) = E s)u{p, , (6) 

p^s 

= (7) 

q 

where the Matsubara frequencies are dehned by a; = (2n-|-l)7rT and u = 2mnT. Sub¬ 
stituting these equations into (5), the action is written in the Nambu representation 
as follows : 

^ V ( \( ^iP,s) \ 

) V iu^' + Cp' ) y si>*{p',s) j 

-/^E iV’p(9)P- (8) 

Q 
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Here the uses are made of p = {p,uj) and q = The gap parameter on the 

right-hand side is defined by 

^{P,P) = '^^u\p,s)u{p ,s)TP(t)p{p -p). (9) 

If we carry out the integration with respect to the quark fields, we obtain the partition 
function expressed in terms of scalar (pairing) fields; 

Z = j VrVct^eM-Ses], (10) 

where the effective action 5efr is defined by 

5efr = -Trln(/3G-i) (H) 

1 

The effective action is described only by the pairing field and will play an important 
role in our later discussions. 


§3. Fluctuations 

To begin with we introduce a mean field approximation for the effective action. 
The path integral of the effective action is replaced by a mean field, which should be 
stationary field in the path integral. We assume the following constant field, 

^o{p,p') = ® A- (12) 

a 

This pair has the most symmetric state in color-flavor space and known as the color 
flavor locking state®). The constant (j)o ^ </’(0) will be determined later. 

Next let us consider fluctuation around the constant field. Provided we write 
the inverse propagator as 

^ ^{p,p') [^ ( __ 0 Hp,p')e \ 

\ ^*{p\p) iuj' + ^p' j V 3 y (j)*{p\p)e 0 J 

= Gq ^ /\G (13) 

the fluctuation is described by the second term on the right-hand side. Substituting 
this equation into the effective action, we get 

S.ff = s™ + sW + «£>.■■. (14) 

The first term is nothing but the mean field (BCS) action. The second term should 
vanish if the mean field is chosen to be stationary one; this condition is proved to 
be equivalent to the gap equation. The third term describes the fluctuation and is 
given by 

= \TT{G,AG-^f + (5Y^ \4>{q)\\ 


(15) 
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The BCS propagator on the right-hand side is written as 
Go = 


A{p,p') \ / 2 , 

A*{p',p) -iw' + O + 


i2a-1 


( 16 ) 


The Ep denotes a quasiparticle energy and defined by AqAq. Substituting 

this equation into (15) and rewrite it in the matrix form, the action of second order 
is transformed into 


«is = i: () 


X, Y, 

y: X* 


Hi) 


(17) 


The matrix elements on the right-hand side are defined by 


p 


{iujp + Cp){'i'^p-q - ^p-q)^‘^ 


V (“^p +-^p)(^p-q +-^p-g) J 


AlA^e^ 


vi‘^1 + ^p){‘^p-q + -^p-g) J 


\Afp,p-q\ Y 

(18) 

|-^p,p-g| ) 

(19) 


where the tr denotes for a trace of color-flavor space. 

Here we introduce two real scalar fields instead of the complex field (p{q), 


o-(^) = Hi) + 7r(g) = -i{(p{q) - (j)*{q)), 


( 20 ) 


with the relations of (J*{q) = cr{—q) and 7T*{q) = iT{—q). These fields are analogous 
to the a and tt fields in the chiral dynamics respectively. By using new fields, we get 

'S'S^ = (.<1)^(9) + Tr*{q)D~^{q)'^{q)), (21) 

Q 

where two propagators are defined by D~^{q) = {Xg + X* + 2Yq)/A and D~^{q) = 
{Xq + X* — 2Yq)/A. It is evident that the sigma mode represents the amplitude 
mode of the gap parameter and the pi mode corresponds to the phase mode. In 
chiral dynamics, the former corresponds to a sigma meson and the latter does a pi 
meson respectively^^. 


§4. Soft modes 


Now we discuss the fluctuation modes in detail. Our interest will be put on the 
fluctuation near the critical temperature. It is convenient that our discussions are 
separated into two cases: 

(i) i;Ao 7 ^ 0 (T < Tc); Each mode corresponds to a field of the diquark with 
fractional baryon number. This particle is a boson but similar to the anti-quark 
concerning the color quantum number. The diquark masses should be calculated 
from zeros of the inverse propagators. For the pi mode, it is represented by 


D-\q = ^,v) 


^Vtr ;2 (^^)^ 1 - 2/(Ep) 

yV 2Ep 


( 22 ) 
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where the use is made of the gap equation. This equation means that the mass 
vanishes and the diquark is a Nambu-Goldstone boson. In the same way, the inverse 
propagator for the sigma mode is written as 


D^\q = 0,n) 




4A^ 1 - 2f(Ep) 
4^2 2Ep 


(23) 


It is found that if the Z\ is a Z\o x 1, the mass of the a is equivalent to 2Z\o. 
Noting that the effective quark mass is Aq, we have the following mass relation: 

: Ffq : = 0:1:2. This simple relation is called quasi-supersymmetry by 

Nambu^^^. In our case, A has a complicated structure so that we have an extended 
quasi-supersymmetry relation. When the temperature approaches to the critical one, 
the M(j goes to zero. This implies that the fluctuation due to the a field is enhanced 
as expectedly. 

(ii) (pQ = Q {T > Tc): It is well known that even in the Wigner phase the fluc¬ 
tuation of order parameter increases near the critical temperature. This fluctuation 
is called soft mode or precursor. Noting that X* = X^q and Yq = 0, the previous 
action (17) for the scalar field is described by 

=2Y,4>\q)D-\q)m. (24) 

q 


where the inverse propagator is given by 


D-\q) = 2Xq 


325 E 


\Xp^p-q 


{iui - ^p){iui - iu + ^p-q) 


-I- /?. 


(25) 


Carrying out the summation of the Matsubara frequencies, we get 


D-Hq)=32g(5^ 

p 


f{Cp^q)+f{^p.y)-l 
^P+h + ^p-h ~ 


\^p,p-q\‘^ 


+ /3, 


(26) 


where f{x) = (1 -|- e^*) is the Fermi distribution function. 

To discuss behavior of the soft mode, let us investigate the spectral function of 
our system just as done in 2). First the retarded Green’s function is obtained from 
(24) by analytic continuation, iu ^ uj ie, 


+ Fim) - 1 ) - ^)] + D, ( 27 ) 

where we have restricted ourselves to the g = 0 mode for simplicity. From this 
equation we get the spectral function, 

S{uj) oc Iiq.Dr{uj) = Im—. (28) 

Dr {uj) 

Although it is not difficult to calculate the right-hand side of this equation, we 
can find the qualitative behavior of the spectral function for low frequency. First 
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we notice that the imaginary part of the inverse propagator is proportional to lo: 
Im(Z)“^(w)) oc au). The proportional constant a is a function of the temperature, 
a(r) = ao/T. On the other hand, the real part Re(Z)“^(ti;)) is represented by 
b{T) = bo{T — Tc), because it vanishes at T = Tc. Therefore the spectral function is 
described by oc aujf{b‘^ + This function has a peak at w = b/a and the 

height is lj2ab. As the temperature T approaches to Tc, the position of the peak 
approaches to zero and the height increases. Thus we have shown that the spectral 
function is enhanced near the critical temperature. 

Finally let us comment a characteristic phenomenon that this soft mode brings 
about. It was pointed out that the acceleration of cooling of quark stars is caused 
by the soft mode on chiral symmetry^). Our soft mode is also expected to work in 
the same way. For example, two high-energy quarks in the hot quark star may be 
transformed into a soft diquark and cooled with emission of a pair of neutrinos via 
the following weak interaction process: qi+q 2 —> q'i+e,~ +i7(,+q2 —> ( 9 i 92 )soft+ 24 +z^e- 
If Bose-Einstein condensation of the soft mode occurs, a huge number of neutrinos 
would be created so that very rapid cooling is realized in the quark stars just above 
the critical temperature. On the other hand, the cooling is strongly suppressed due 
to the color superconductivity below the same critical temperature as discussed by 
many authors Such a singular cooling behavior would be a possible sign for 

the color superconductivity in the hot quark matter. 
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